INTRODUCTION
In many technical and physical situations one meets problems when one deformable body comes into contact with another. A mathematical formulation of these problems leads to the use of variational inequalities. A detailed analysis of contact problems between two elastic bodies has been given in [5] , assuming that no friction occurs on the contact surface (for related results see also [9] ). It is clear that the frictionless problem gives an approximation of real situation only, so that an involvement of the friction is desirable.
A mathematical formulation of the contact problem between an elastic body and a perfectly rigid support (known as the Signorini problem), involving the friction governed by Coulomb's law, has been introduced in [ 21. The existence of its solution for simple geometrical situations has been proven in [8] for the first time. From the existence proof an algorithm (method of successive approximations) for the numerical approximation of the problem follows. Unfortunately, the convergence of the algorithm is an open problem up to this time.
The present paper deals with the approximation of one iterative step, which is defined by the Signorini problem with prescribed normal forces on the contact surface. A mixed formulation of this problem is derived, making use of the duality approach. This formulation allows us to approximate independently the displacement field in the body and the normal and 99 tangential forces 'on contact surface. A finite element analysis of the mixed formulation is presented and error estimates for the physical quantities mentioned above are derived. A partial analysis of another iterative algorithm for the numerical solution of the Signorini problem with friction (see [IO] ), will be given in a forthcoming paper.
VARIATIONAL FORMULATION OF THE SIGNORINI PROBLEM WITH FRICTION
We start with definitions of some functional spaces, which will be necessary in what follows.
Let Q c R* be a bounded domain, the Lipschitz boundary r of which is decomposed as r = r,, v r,, where r, and I-, are disjoint where u E V is the unique solution of the elliptic boundary value problem
Let n = (n,, n2) and t = (-n,, n,) denote the unit outward normal and tangential vector, respectively, at x E r. By v,, and u, we denote the normal and tangential component of v E V, i.e., u, = yv -n, ot=yv * t.
be the mapping, defined by 6v = (u", v,), v E V and
If Q is a domain with a sufficiently smooth boundary r, then W = H"'(T,).
Although this is not our case, W and H"'(T,) are isomorphic. Indeed, let cp E H"*(T,). Then the element belongs to W. We shall write p = /$, /I: H"*(T,) -+ W. Hence, the norm in W can be introduced as Ilrllw=  IIP-'CLIII,2,rh~ where p-' is the mapping inverse to /3. Let S(Q) denote the space of symmetric tensor functions S(Q) = {O = (~ij)f,j=, E (JC'(Q))~, Uij = Uji a.e. in Q}, and (1.4) denotes the value of tp* at cp. Analogously, for p* = @:,pF)E W'. p=(jf,,p2)EW, we write ((v*l P)) = K.P:,lu,i> + (W.P*i?.
It is well known that for 'T E H(div, Q), v E V the following Green's formulas hold ([ 1 I).
(i) There exists a unique mapping T = (T,, T,) E P(H(div. Q), H -I'* (r,)) such that ,
where rijJ = %rij/8x,. If 7 E S(Q) n (H'(Q))", then T(r) = (s,jnj, r2,nj) and ( , > is the scalar product in L*(T,).
(ii) There exists a unique mapping T = (T,. T,) E ;L'(H(div, Q), W') such that 
If T E S(Q) n (H'(Q))", then T(r) = (T(T) . n, T(r) . t) and (( . j) is
represented by the scalar product in L*(T,).
Next, we shall describe some basic properties of T and 7.
LEMMA 1.1. T maps H(div. Q) onfo H-"'(T,).
Proof: Let cp * E H -"'(r,) be given. Then the problem toflnd u E V such that
has precisely one solution u = u(cp*). It is easy to see that a = E(u((P*)) E H(div, Q) and from (i) we obtain T(a) = q*.
BY II CP* II -I/z,rK we denote the usual dual norm of cp*, namely,
We show some other expressions of 119" JI-,i2.r,, which appear to be useful in Section 4.
LEMMA 1.2. It holds that
IIv"II-y2,rK= II"IIH(div,Q) = lll"(cP*>lll t/q* E H-"'(T,), where u(cp*) is the solution of (1.5) and CI = E(u((P*)).
Proof. Let r E H(div, Q) be such that T(r) = cp*. Then for every q E H"'(T,) we have by the definition of (1. II'p*ll-1/2,ra < IITIIH(div,Q) V r E H(div, Q), T(r) = cp*, (1.6) by virtue of (1.2). Let u = u(cp*) be the solution of (1.5) and (I = E(u((P*)) E H(div, Q). Evidently we have II o llHfdiv,Q) = Ill u(cP * Ill* (1.6') Inserting v = u(cp*) into (1.5) and using (1.6'), (1.2), we obtain (cP*, P(cP*)) = IIl"('P*)II12 = II"IIH(div,Q) Ill"((P*>lll > II~IIH(div.Q~ IIYU('P*)llti2,rk.
Hence ll'p*ll-l/2.rK > llallwi~~.Q~~ which, together with (1.6) and (1.6'), proves the lemma. (1.7)
Let u = u(cp*) be the solution of (1.5). Then for o = E(u((P*)) (cP*l P(cP*))= III"('P*)Il12 = Ill"(cP*IIl IlallH(div,Q) = IlI4P*Ill lI'P*ll-,,2,r, by virtue of Lemma 1.2. From this and (1.7), the assertion follows.
In a way similar to the proof of Lemma 1.1, we can prove
The dual spaces H-"'(I',) 2nd W' are mutually isomorphic. Indeed, let q * E H -"*(r,) be an arbitrary element. By virtue of Lemma 1.1, there exists a t E H(div, Q) such that T(r) = cp*. Let us set u* = T(t) E W' and write p* =/3*(p*, /?*: H-"'(T,)+ W'. It is easy to see that p* does not depend on the choice of r E H(div, Q), satisfying T(r) = cp*. Comparing the Green's formulas (i), (ii) and using the fact that H'12(rK) and W are isomorphic, we obtain the assertion. The relation between the dual norms in H-'12(TK) and W' is given by LEMMA 1.5. It holds that II'P*Il-,,2,r, = IIP*'p*llw,
Proof. Follows immediately from the definition of dual norms and the relation ccp*3 cp> = ((P*'p*YP'p))
V cp E H"'(I',), V cp* E H-"'(Z-,).
As H"'(r,) is dense in L'(T,), the same holds for W:
Next, let us suppose that Q is a bounded polygonal domain, the vertices of which will be denoted by A, ,... Moreover, if cp = (v,, cpZ) E W and 1 is an arbitrary real number, the couple (q,, ,+,) E W. This is not true if Q is a polygonal domain (or a domain with Lipschitz boundary, in general). All difftculties arise from the jumps of the outward normal at the vertices of Q.
Finally, let and w,=-w:
be the closed convex cones of non-negative and non-positive functionals, respectively, in W'.
Let us introduce K=(vEVIv,<Oonr,}.
K is a closed, convex subset of V.
By a variational solution of the Signorini problem with friction we call an element u E K such that
where 
For the proof see [2] . Let us analyze the problem (<P), using the Green's formula (ii). This inequality, however, does not imply that T,(u) E W'. From the latter, (1.21) has to be satisfied for all v E K, satisfying U, = 0 on Trc; see also Remark 1.1. In order to obtain T,(u) E W,, it suffices that I-, consists of one straight line segment. In such a case, it is readily seen that if (o,, rpz) E W. then also (o,, 0) E W, so that (1.21) implies T,(u) E W'. The following theorem shows the relation between the solution of (9) and (1.23). i.e., w is a solution of (Y), w = u. The uniqueness is a consequence of Theorem 1.1.
Conversely, let u E K be the solution of (,P). Then {u, -m(u), -g-'T,(u)} E V x II, x /1,)2 follows from the interpretation of (9) and the assumptions of the theorem. A direct verification of (1.23), with the use of (1.18), (1.19) and (1.22) is straightforward.
The inequalities (1.23) (or equivalently (1.24), , (1.24),) will be called a mixed formulation of (<a) and will be denoted by (3) , in what follows. where P,(T) and P,(a,ai+,) denotes the space of linear polynomials on T and of constant functions on aiai+ , , respectively. A,, is a finite-dimensional approximation of A (an internal one, i.e., A, c A, V h E (0, 1)).
In the sequel, we shall consider a more general construction of V, and Wl,. Let {KM}, H-+ 0+ be a family of partitions of f, independent of {Fh}, nodes of which will be denoted by a ,...., amCHj, i.e.. where H, is the length of a, a, + , , H = max Hi. To every FH sets W;, /i ,H, AZH and AH will be associated, which are defined as in (2.2)-(2.5), with only a minor change: the subscript h has to be replaced by H. In the sequel, the equality h = H means that the partition of I-is generated by the triangulation F-jj of 0. The problem of finding a saddle-point {II,,, hH} of iti on V, x AH will be called an approximation of (3) and will be denoted by (3h,). Similarly to the continuous case, (u,, A,} E V, x AH can be characterized equivalently through the relations Let (u,, , h,) E V, x AH be a solution of ($,). In view of the definition of ( &), we see that uh E KLH and it is a solution of the variational inequality
Now we prove the following existence theorem: THEOREM 2.1. To every h, H E (0, 1) there exists a solution (uh. h,} of (yhH). the first component of which is uniquel), determined.
Proof. The existence of the solution follows from the V-ellipticity of the form (rij(vJ, E,~(v,)),, the boundedness of AZH and the fact that there exists a function V,, E V, such that i;, . n < 0 on r, (see 13, Proposition 2.2, p. 161 I). The uniqueness of u,, follows from V-ellipticity mentioned above and from (2.7).
Let us emphasize that the second component is not unique, in general. If the relation (01 IH, Uhn)) + ((@2H,
holds, h, is uniquely determined. It is not difficult to find an example of Vh and AH, in which (2.8) is not satisfied (see [4] with a simple unilateral boundary value problem).
CONVERGENCE RESULTS
Let us study the convergence of (p,, , AH} to (u, 11) without any assumptions on the smoothness of u. We shall suppose that h + 0+ if and only if H + O+. By the definition of AZH, we have A$ E A *. Let us prove that u* E K. To this end, it is sufftcient to prove that u,* ,< 0 a.e. on r,, or equivalently
for every fir E L:(T,) = {pr E L'(T,), p, > 0 a.e. on I-,}. Let p, E Li(I',) be an arbitrary, fixed element. It is easy to see that there exists a sequence (P,~}, plH E A I" such that
PlH+P,tH+o+ in L*(T,). (3.3)
On the other hand, we have (Cu,,, U&J) G 0, since uh E KIM. Passing to the limit with h, H+ 0+ and using (3.1), and (3.3), we arrive at (3.2). Next, we show that u* is a solution ot the Signorini problem with friction. Let v E K be an arbitrary element. By the assumption there exists iv,}, vh E Km and such that v,, + v in H'(Q). (3.4) Since the mapping y: V + L*(f,) is completely continuous, passing to the limit with h, H+ O-t-, we obtain from (2.7), (3.1) and (3.4)
Using the definition of (y,,), in particular (3&), with p ,H = A,,, we obtain On the other hand, w7m~r glu,lds. K Combining (3.5), (3.7) and the latter estimate, we obtain (rij(u*), Eij(U* -v>>O + J, g(l u: I -I L'(l) ds < (F,v u,* -ui)O* I
Since v E K is arbitrary and u* E K, u* = u follows. From (3.5) we conclude that T,(u) = gAf on r,. As the solution u of (9) is uniquely determined, the whole sequences {II,,} and (,I,,} tend weakly to u and &, respectively. It remains to verify that II,, tends strongly to u. Let us introduce the quadratic functional
With respect to (2.7), we see that u,, E KLH solves the problem 4&l) < 4dVh) Vv,EK,,.
Therefore, applying the Taylor formula to S, at u, we obtain
Vv, E K,,. Choosing v,, E K,, such that v,, + u, we obtain kd2) b,, -uII: < &@,I)
where the continuity of S,, the weak convergence of u,, to u and A,, to ,I, have been used.
Remark 3.1. Since the imbeding of L'(T,) into W' is compact, we obtain ,I 2H + A, in W' strongly.
Remark 3.2. The question arises, when the system (KhH} is dense in K. A sufficient condition for this is K n (Cco(Q))2 = K. (3-g) Indeed, if (3.8) holds, the system of closed convex subsets .Xh of V,, defined by jv, = {vh E V, 1 (vh . n)(aJ < 0 i = l,..., m) (3.9) is dense in K. As jr, c K,, V h, H E (0, l), the required density holds. If Q is polygonal and there exists only a finite number of points & n r,, (3.8) is true (see [6] for the proof).
ERROR ESTIMATES
The aim of this section is to estimate the distance between the approximate displacement field uh and the exact solution u. Since the mixed formulation (3) also allows the independent approximation of the normal and tangential forces on r,, it is natural to estimate the distance between A,, and li (i= 1, 2) as well.
We start with an equivalent formulation of (.B). Let P = V x W' be a Hilbert space, equipped with the norm of graph ll~'Il = e4: + lIPllkY2 7 = (v, I() E _-PP. The set X = V x A is the closed and convex in R. We shall consider the problem to find FP = (u, h) E X such that
Using (1.24), we can see that (2) and (y*) are equivalent. Approximation of (L?*) will be defined in the usual way: introducing the closed, convex subsets X(h, H) = V, x A,, we look for an element P,, = (uh,
5,) E .X(/z, H), satisfying
It is easy to verify that ($,,) and (g,*,) are equivalent.
LEMMA 4.1. Let 2! and 5Yh be the solution of (2*) and ('?&), respectively. Then
In order to derive an estimate for the distance between h, and 1, we make the following assumption, concerning the function g. We shall suppose that g is a piecewise constant, non-negative function, defined on r,.
First, we introduce another formulation of (p). To this end let us define AP, = gA2, i.e.,
To simplify the notations, we omit the superscript g and write simply A *. LetA=A,xA*. Welookforanelement (w,h)EVxA,h=@,,l,)such that
VIrEA, (4.6) where ((a 6~)) = ((p, 6v)), with g = 1 on r,. Like in Theorem 1.2 we can prove that w = u, A, = -m(u), A, = -T,(u), where u is the solution of (9) . In order to study the approximation of (4. The main difficulty consists in the verification of (4.7). To this end we introduce the following definition. 
VVEV.
We say that problem (3) is regular if there exists a positive E such that for every (p*EH -'!*+'(rK) the solution w E H"'(Q) n V and II~lll+r~~~~~II(P*II~I~?.~, (4.10) holds with a positive constant c, depending on E only.
This property of (2) plays an important role, as follows from LEMMA 4.3. Let (3) be regular and the ratio h/H be suflcientl?, small. Then (4.7) holds.
Proof. Let pH E A, be given. Then where wh E V, is the Galerkin approximation of the solution w E V of (2) with 'p* =p*-'pH. But we may write as follows from Lemma 1.2. As P*-$t"E H-"*"(Tx)
V'E E (0, 1), regularity of (3) yields that w E H'+E (Q) n V. Using the well-known interpolating properties of V, and (4.10), we obtain II/'+' -Whill < ch' 11 WI1 ,+,<~(&)h" IIP*-'~~II-w.r,~ (4.12) Since Q is a polygonal domain and pH is constant on alai+,, we have P* -hflo,o,+, E (P,(a,a,+,) In order to derive the rate of convergence of (u,, A,}, we shall modify (4.5), using the definitions of M', X, the inequality 2ab = &a' + l/&b* and the Green's fromula (ii). Thus we obtain
~CM(EIIU-uh~l:+E~IIC--hHI~~~+ l/EI,U-vhl,:
Since rij,j(u) + Fi = 0 holds a.e. in Q and A = -T(u), from this inequality and (4.8) with E > 0 sufficiently small, it follows that ll"-uhiIi<cVi;~ {ll"-vhll:+Ilh-r,ll~,-((~,-n,6u))}. t4.14) h H
The first result on the rate of convergence is = IICLH -P* -'W,/z.r, llWlw= OW'"). follows from the definition of r:. If aiui+ , c i?, we have T,(u) = 0 a.e. on aiai+ 1 and is,,, being the orthogonal L*-projection of (-T,,(u)), is equal to zero on aiai+ , . Thus (4.23) holds again. Let I, denote the set of all aiu, + , , the interior of which contains both points from r5 and from r,". Then
Here we used the fact that u,, ln,(2,+l E H'(uiui+ ,) c C(u,u,+ ,) and is equal to zero at some interior point of a,~, + , . The number of elements of I, is bounded above independently of H, by assumption. Therefore = a$;.,, .ru a OGfn If aiai+, c F; ) then T,(u)u, + g Iu,~ =0 a.e. on uiui+, (see (1.18)) implies T,(u) = -g, so that pHl = g on uiui+ , . If uiui+ , c FL, T,(u) = g, lu;ll = -g on aiai+, and (4.25) holds again. Let I, be the set of uiai+ , , the interior of which contains points, belonging to two different sets ri, P+ , P , at least. Since U, E H'(u,ui+ ,) c C(u,u,+ I)r each segment u,ui+ , E I, contains points
